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Abstract

The gambler’s ruin problem is a classical entry point into the random walk 

theory. For the simple symmetric random walk, an explicit expression for 

hitting probabilities can be derived. For more general step distributions, the 

analysis is challenging. This study explores the problem in three settings: the 

simple symmetric random walk, the spread-out (bounded-step) model, and the 

finite-variance case. Notations follow Lawler and Limic (2010, 103–112).

Definitions and the Gambler’s Ruin Problem

Definition (Random Walk). A random walk is defined by 𝒮︀ = (𝑆0, 𝑆1, 𝑆2, …), 

where 𝑆𝑛 is the sum of the starting point 𝑆0 and independent, identically 

distributed steps 𝑋𝑖,

𝑆𝑛 = 𝑆0 + 𝑋1 + ⋯ + 𝑋𝑛.

We assume that the walk is symmetric in this work, i.e., 𝔼(𝑋𝑖) = 0.

Definition (Stopping Time). Let 𝒮︀  be a random walk. The stopping time 𝜂𝑟  is 

the first 𝑛 such that 𝒮︀  exits the open interval (0, 𝑟), i.e.,

𝜂𝑟 = inf{𝑛 ∈ ℕ : 𝑆𝑛 ≤ 0 or 𝑆𝑛 ≥ 𝑟}.

The Gambler’s Ruin Problem. A gambler starts to bet with 𝑆0 = 𝑥 ∈ (0, 𝑟) 

dollars with outcomes 𝑋𝑖 in each bet. They play a game until they either go 

broke (hit ≤ 0) or reach an intended wealth of 𝑟  dollars (hit ≥ 𝑟 ). What is the 

probability ℙ𝑥(𝑆𝜂𝑟 ≥ 𝑟) that the gambler wins?

Simple Symmetric Random Walk

A simple symmetric random walk has step probabilities

ℙ(𝑋𝑖 = 1) = ℙ(𝑋𝑖 = −1) = 1
2

.

Proposition. For a simple symmetric random walk 𝒮︀  starting at 𝑥, the 

probability of the gambler winning is

ℙ𝑥(𝑆𝜂𝑟 = 𝑟) = 𝑥
𝑟

.

This result can be derived by using the optional sampling theorem. The walk 𝒮︀  

is a martingale, and the stopped process 𝑀𝑛 ≔ 𝑆𝑛∧𝜂𝑟  is a bounded martingale. 

By the optional sampling theorem, 𝔼𝑥 (𝑀0) = 𝔼𝑥(𝑀𝜂𝑟 ). Thus,

𝑥 = 𝑟 ⋅ ℙ𝑥(𝑆𝜂𝑟 = 𝑟) + 0 ⋅ ℙ𝑥(𝑆𝜂𝑟 = 0).

We can also solve a second-order recurrence as in Koralov and Sinai (2007, 

94–98),

ℙ𝑥(𝑆𝜂𝑟 = 𝑟) = ℙ𝑥+1(𝑆𝜂𝑟 = 𝑟) ⋅ ℙ(𝑋1 = 1) + ℙ𝑥−1(𝑆𝜂𝑟 = 𝑟) ⋅ ℙ(𝑋1 = −1).

Spread-Out Model (Bounded Step Lengths)

The difficulty emerges here. We now assume 𝑋𝑖’s are independent, identically 

distributed continuous random variables with 𝔼(𝑋𝑖) = 0.

The core challenge is overshooting. The walk does not stop exactly at 0 or 

at 𝑟 : it overshoots the boundary.

Theorem. Let 𝜀 > 0 and let 𝐾 < ∞. For a one-dimensional random walk, there 

exist constants 𝑐1 and 𝑐2 such that if ℙ(|𝑋𝑖| > 𝐾) = 0 and ℙ(𝑋𝑖 > 0) > 0, then

𝑐1
𝑥 + 1

𝑟
≤ ℙ𝑥(𝑆𝜂𝑟 ≥ 𝑟) ≤ 𝑐2

𝑥 + 1
𝑟

.

The theorem is proven by the same strategy as the simple case, but adapted 

to handle the overshoot. Notably, the bound can be tightened in the proof in 

Lawler and Limic (2010), and it can be even tighter using Markov’s inequality.

The following lemma will be used to prove this theorem.

Lemma. Let 𝒮︀  be a random walk with steps independent, identically distrib

uted mean-zero almost-surely non-constant random variables. Let 𝑟 > 0 and 

let 𝑥 ∈ (0, 𝑟). Then,

𝔼𝑥(𝑆𝜂𝑟 ) = 𝑥.

For this lemma, the optional sampling theorem still gives

𝑥 = 𝔼𝑥(𝑆𝜂𝑟 ⋅ 𝟏{𝑆𝜂𝑟 ≥𝑟}) + 𝔼𝑥(𝑆𝜂𝑟 ⋅ 𝟏{𝑆𝜂𝑟 ≤0});

however, we can no longer replace the first term with 𝑟 ⋅ ℙ𝑥(𝑆𝜂𝑟 = 𝑟).

The previous theorem is almost ideal for this study. However, the choice of 

constants depends on the maximum step size 𝐾. We may wonder, is it possible 

to choose constants regardless of maximum step size, for a more general walk?

Finite-Variance Case

Theorem (Gambler’s Ruin Estimate). Let 𝛿, 𝐾 ∈ ℝ+ and let 𝑏, 𝜌 ∈ (0, 1). Let 𝒮︀  

be a random walk with

𝔼(𝑋𝑖
2) ≤ 𝐾2, ℙ(𝑋𝑖 ≥ 1) ≥ 𝛿, inf

𝑛∈ℕ
ℙ(⋂

𝑛2

𝑖=1
𝑆𝑖 > −𝑛) ≥ 𝑏, and 𝜌 ≤ inf

𝑛∈ℕ
ℙ(𝑆𝑛2 ≤ −𝑛).

Then, there exist constants 𝑐1 and 𝑐2 such that

𝑐1
𝑥 + 1

𝑟
≤ ℙ𝑥(𝑆𝜂𝑟 ≥ 𝑟) ≤ 𝑐2

𝑥 + 1
𝑟

.

This theorem is a generalization of the previous theorem. For any mean zero, 

finite non-zero variance random walk 𝒮︀ , we can find a 𝑡 > 0 and some 𝐾, 𝛿, 𝑏, 

𝜌 such that the estimates above hold for 𝑡𝒮︀ . Hence, the scaling is uniform.

The constants 𝑐1, 𝑐2 uniformly depend only on the family parameters 

(𝐾, 𝛿, 𝑏, 𝜌), not on the particular walk.

Comparison

The linear 𝑥/𝑟  scaling for the gambler’s ruin probability is universal for one-

dimensional mean-zero walks. The primary difference is the nature of the result 

and the difficulty of the proof.

Simple Symmetric Finite-Variance

Goal ℙ𝑥(𝑆𝜂𝑟 = 𝑟) ℙ𝑥(𝑆𝜂𝑟 ≥ 𝑟)

Result
𝑥
𝑟

≍ 𝑥 + 1
𝑟

Boundary {0, 𝑟} The walk overshoots 0 or 𝑟

Conclusion

The gambler’s ruin problem shows how a simple, exact result from the discrete 

simple symmetric case can become an estimate in the general case. The core 

difficulty moves from a simple algebraic solve to controlling the “overshoot” of 

the walk, which requires a deeper analysis of the walk’s behavior.

Finally, with the general gambler’s ruin estimate, we know that the hitting 

probability is robust, and constants for the estimate can be chosen uniformly 

over a class of distributions instead of depending on each specific case.
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